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ABSTRACT 

A short proof of the Levy continuity theorem in Hilbert space. 
In the theory of the normal distribution on a real Hilbert space H, certain 

functions (9 have been shown by L. Gross to give rise to random variables 
(9~ in a natural way; in particular, this is the case for functions which are 
"uniformly ~-continuous near zero". Among such functions are the charac- 
teristic functions (9 of probability distributions m on H, given by (9(y) = 
SeiCy,x)dm(x). The following analogue of the Levy continuity theorem has 
been proved by Gross: Let (gj be the characteristic function of the probability 
measure m# on H, Then necessary and sufficient that ~fdmj ~ Sf dm for 
some probability measure m and all bounded continuous f, is that there 
exists a function ~, uniformly z-continuous near zero, with ~#~ ~ (9~ in 
probability, qb turns out, of course, to be the characteristic function of m. In 
the present paper we give a short proof of this theorem. 

Let H and K be a pair of real linear spaces in duality, and let St be the smallest 
a-field of subsets of H for which all elements of K become measurable. I f  m is a 
probability measure on St, then the formula 

(9(y) = f e~<X'y~dm(y) 

defines a function on K, the "characteristic function" of m. (9 is clearly positive- 
definite, 1 at the origin, and weakly continuous. One is then led to consider the 
possibility of generalizing theorems about characteristic functions which are 
known for the finite-dimensional case. Two basic theorems are the following. 

THEORE~t I. (S. BOCHNER) The characteristic functions of probability measures 
on finite-dimensional spaces are precisely the continuous positive-definite func- 
tions which are 1 at the origin. 

TrmOREM II. (P. LEVY) Let (9j, j = 1,2,... be characteristic functions of 
probability measures mj on the finite-dimensional space K, and let (9 be a 
continuous function on K with (9(0)= 1. A necessary and sufficient condition 
that (9 be the characteristic function of a measure m such that f f dmj-~ f f d m  
for all continuous bounded f ,  is that (9~ ~ (9 Lebesgue-almost-everywhere. 
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The first of these theorems has been generalized to Hilbert space H, in the 
following form. A weaker topology ~-- is placed on H (see [1,2, 6]) via the semi- 
norms {11" h : A  any Hilbert-Schmidt operator on H}, where I i x h - -  ilAxll. 
Then we have 

THEOREM 1. Necessary and sufficient conditions for a function ¢~ on Hilbert 
space H to be a characteristic function are that #p be positive-definite, 1 at O, and 
uniformly continuous in the topology 5 (and in fact the continuity assumption 
may be weakened to J-continuity at 0). 

This theorem has been proven by V. Sazanov [6], in a somewhat different 
form by R.A. Minlos [4], and also by L. Gross [2] as a corollary to the next 
theorem. Recently K. Ito has given an extremely direct and simple proof, as yet 
unpublished. 

Theorem II has also been generalized to Hilbert space by L. Gross [2]. His 
proof is rather long and technical, as befits a first proof. The object of the present 
note is to give a simpler and more transparent proof. One of the devices in my 
proof, the use of the measure 

e- llxll2/z din(x) 

to estimate the m-measure of a set, was already used by K. Ito in his brief proof 
of Theorem 1, and by Kolmogorov, [3];it  goes back to Prokhorov, [5]. In order 
to state Gross's generalization, we recall some definitions and results from [7] 
and [2]. 

By a cylinder function on H we shall mean a function f such that f = f o  P 
for some finite-dimensional projection P. Let d be the *-algebra of all continuous 
cylinder functions on H, and s¢~o the bounded elements of ~¢. A linear functional 
on ~¢~o may be defined by integrating f over PH with respect to the normal 
distribution on PH, i.e., Sfdn is defined by 

f fdn = 1 :en f(x)e'-t/211xll2dx' 

where d = dimension of PH. This is to be interpreted as integration with respect 
to a generalized normal distribution on H. Although many different P may be 
used, the number f fdn is independent of the P chosen. It is now possible, as in 
[7], to define a homomorphism, which in this case is clearly an injection, from 
~¢ into random variables on some probability space, call this isomorphism 
f --,f~, such that if f is bounded, then 

f f dn = f f~dPr. 
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The isomorphism preserves the algebraic operations including complex con- 
jugation, and for any bounded continuous complex function u of a complex 
variable, sends u( f )  to u ( f  ~). 

In [1,2] Gross has extended the injection f ~ f ~ to a larger class of functions; 
those which are uniformly ~Y--continuous near zero. This term means, for a 
function f ,  that there is a sequence Aj of Hilbert-Schmidt operators with 
t r (A*Aj)~0  and such that f is uniformly ~--continuous on {x:llA xll <_ 1}. 
We shall denote by M the functions satisfying this condition, and by 8oo the 
bounded ones. For any net of finite-dimensional projections Pk 1' I, it is shown 
in [1, 2] that f ~  = lim in probability ( f o  Pk)~ exists. The extended map again 
is an injection preserving algebraic operations and conjugation, and one may 
define . f fdn  = f f  ~dPr on bounded elements. Furthermore, for continuous u with 
compact support, f in M implies u( f )  is in ~oo. 

We are now in a position to state Gross's generalization of Theorem II. 

THEOREM 2. Let ~bj., j = 1,2,... be the characteristic function of  a probability 
measure mj on the Hilbert space H. Then necessary and sufficient for  the measures 
mj to converge to a probability measure m, in the sense that ~ f d m j ~  ~ f d m  
for all bounded continuous f ,  is that the random variables c~; converge in 
probability to c~ ~ , for some c~ in ~ with c~(O) = 1. c~ then turns out to be the 
characteristic function of m. 

Proof. All we shall show here is that if tk is in ~ with ~b(0) = 1, and qSj ~ ~ ~b ~ 
in probability, then the set {m i :j = 1,2,..-} is precompact. The "necessity" proof, 
and the remainder of the proof of "sufficiency", are fairly straightforward in 
Gross's original treatment. 

First we note that [ q5 [ < 1. For let u be any nonnegative continuous function 
of a complex variable, having compact support, and vanishing in the unit disk. 
Then each u(qSj) = 0, and f u((oj)dn~ S u(c~)dn, so f u(~b)dn = 0. Thus 
u(~b) ~ = 0, hence u(~) = 0. Thus [~bl < 1. 

Next, observe that for given a > 0, b > 0, finite-dimensional projection P, 
and Q = I - P, the set {x: II (aP + Q)x II < b} is contained in the b-neighborhood 
in H of the b/a-sphere in the range of P. Thus, by a theorem of Prokhorov, all we 
need show is that for any preassigned b > 0 3 a > 0 and finite-dimensional P 
such that, for all sufficiently large j ,  

max: [l(aP + Q)xJI b} > 1-b. 

Select b > 0, and let c = (1 - e-b2/2)b/3. There exists a Hilbert-Schmidt operator 
A >__ 0 such that [lAx H < 1 implies [ 1 -  ~b(x)[ < c. Then 

re (y) > 1-c-2 Ay]] 2. 
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Let T = aP + Q, where 0 < a < 1, and P is a finite-dimensional projection. Then 

fn r e ¢ o  Tdn > 1 - c -  2tr(AT2A). 

Now, a simple finite-dimensional calculation shows that, for f e a¢oo, 
f. f o Tdn = S f gdn, where 

g(x)  - -  1 e (  t _a-2/2)l[Pxll 2 

d being the dimension of P. Then the same equation holds for fe&~o.  (This 
really amounts to saying (dno T-1/dn)= g; see [7-1 for a fuller discussion of 
these ideas). Now: since tk]" ~ q~~ in probability, it follows that c~fg ~ -* qb~g ~ 
in probability, so Sq~f g~dPr ~ Sqb~g ~ dPr. Then, for sufficiently large j, 

r e f  Cj" Tdn = r e f  d&gdn > 1 - c -  2tr(AT2A). 

Now let Qk be a net of  finite-dimensional projections ascending to Q, and 
Pk = P + Qk" Then, for fixed j, 

f ¢bjo PkTdn = f qbio TPkdn~ f ¢1o Tdn. 

Now, q~j o Pk T restricted to PkH is the characteristic function of the measure 
m~ o (PkT)- 1 on PkH, so 

f q~jO PkTdn = :eane-(llxll2/2) dmio (PkT) -1 

= f .  e-(l/2)IIPkTxll2dmj(x) • 

Then, taking limits in k, S Cjo Tdn = j" e -(1/2)11Tx112 dmj(x). 

Now: f e -O/2)llrxl12 dmj(x) < mj {x: 11 Tx 11 b} + e-(b~/Z)m~ {x: II II > b}, 

Thus, mj{x :  II T x  [I < b} > 1 - b/3 - (1/1 - e -Cb~/2)) 2tr(AT2a).  Since 
tr(AQA)~O as P I'1, a finite-dimensional P may be chosen with 2tr(AQA)< c. 
Then choose a so small that 2a2tr(APA) < c. Writing 2tr(ATZA) = 2a2tr(APA) 
+ 2tr(AQA) we have 

m~{x:ll(aP + Q)xll =< b} > 1 - b .  Q.E.D. 
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